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A Modified Similarity Degree for C*-algebras
Don Hadwin and Junhao Shen
Abstract. We define variants of Pisier’s similarity degree for unital C*-algebras and use
direct integral theory to obtain new results. We prove that if every II1 factor representation
of a separable C*-algebra A has property Γ, then the similarity degree of A is at most 11.
G. Pisier’s similarity degree [10]-[14] has been one of the most far-reaching advances on R.
Kadison’s similarity problem [7], which asks whether every bounded homomorphism ρ from
a C*-algebra A into the operators on a Hilbert space must be similar to a ∗-homomorphism.
Many classical results on the similarity degree are contained in [14]. There has been some
recent interest on this subject [16], [8], [6], [9], [4].
In this paper we define two variants of G. Pisier’s similarity degree [10]-[14], one for
C*-algebras and one for von Neumann algebras. Our main result (Theorem 8) relates our
C*-invariant for a separable unital C*-algebra to the supremum of the W*-invariant of all
the II1 factor representations of the algebra. This result yields bounds on the similarity
degree in some new cases, including some crossed products and the class of separable unital
C*-algebras whose II1 factor representations all have property Γ.
It was shown by U. Haagerup [2] (see also the union of [3] and [18]) that a bounded ho-
momorphism ρ on a C*-algebra is similar to a ∗-homomorphism if and only if it is completely
bounded, i.e., ‖ρ‖cb = supn∈N ‖ρn‖ <∞, where ρn is defined on Mn (A) by
ρn ([aij]) = [ρ (aij)]
for every [aij ] ∈Mn (A).
G. Pisier defined the similarity degree of A, denoted by d (A) to be the smallest positive
integer d (if one exists) for which there is a positive number κ such that, for every unital
C*-algebra B and every bounded unital homomorphism ρ : A → B we have
‖ρ‖cb ≤ κ ‖ρ‖
d(A) .
If there is no such pair d, κ, we define d (A) =∞. We denote the smallest κ by κ (A).
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There has been much attention focused on the similarity degree without much attention to
κ. It is known [14] that when A is finite-dimensional, d (A) = 1 and that when A is infinite-
dimensional, then d (A) ≥ 2. It follows, for example that, for any strictly increasing sequence
{An} of finite-dimensional C*-algebras, d (An) = 1 for every n ∈ N, but κ (An) → ∞,
otherwise there would be an infinite-dimensional direct limit A with d (A) = 1. Hence
determining the similarity degree of a direct sum or direct limit of C*-algebras with the
same similarity degree is difficult, without also controlling the κ’s. This motivates us to
introduce a new invariant that incorporates both d and κ.
Definition 1. We define the modified similarity degree dˆ (A) of A to be the smallest
positive number γ ≥ d (A) such that, for every bounded unital algebra homomorphism ρ :
A → B (H), we have
‖ρ‖cb ≤ γ ‖ρ‖
γ .
Definition 2. If A is a von Neumann algebra, we similarly define dˆ∗ (A) to be the
smallest positive number γ such that
‖ρ‖cb ≤ γ ‖ρ‖
γ
whenever a bounded unital homomorphism ρ : A → B (H) is ultra*strong-ultra*strong con-
tinuous on the closed unit ball of A, equivalently, ultrastrong-ultrastrong continuous on the
closed unit ball of Asa = {Re a : a ∈ A}.
The following result is elementary.
Lemma 3. Suppose A is a unital C*-algebra. Then
(1) If J is a closed ∗-ideal in A, then
dˆ (A/J ) ≤ dˆ (A)
(2)
d (A) ≤ dˆ (A) ≤ max (d (A) , κ (A)) .
(3) If A is the norm closure of the union of an increasingly directed family {Aλ : λ ∈ Λ}
of unital C*-algebras, then
dˆ (A) ≤ lim inf
λ
dˆ (Aλ) .
(4) If, in statement (3) above, A is the weak operator closure (or, strong operator clo-
sure) of the union of the Aλ’s, then
dˆ∗ (A) ≤ lim inf
λ
dˆ∗ (A
′′
λ) ≤ lim inf
λ
dˆ (Aλ) .
Proof. (1) and (2) are obvious.
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(3). If ρ : A → B(H) is a bounded unital homomorphism, then, ∀ n ∈ N,
‖ρn‖ = lim
λ
‖ρn|Aλ‖ ≤ lim
λ
‖ρn|Aλ‖cb
≤ lim inf
λ
dˆ (Aλ) ‖ρ|Aλ‖
dˆ(Aλ)
≤ lim inf
λ
dˆ (Aλ) ‖ρ‖
dˆ(Aλ)
≤
(
lim inf
λ
dˆ (Aλ)
)
‖ρ‖lim infλ dˆ(Aλ) .
Since ‖ρ‖cb = supn∈N ‖ρn‖, the desired result is proved.
(4). Let B be the norm closure of the union of the Aλ’s. If ρ : A → B (H) is a unital
homomorphism that is ultrastrong-ultrastrong continuous on the closed unit ball of Asa,
then it follows from the Kaplansky density theorem that ‖ρ‖ = ‖ρ|B‖ and ‖ρ‖cb = ‖ρ|B‖cb.
The rest follows from (3). 
Corollary 4. Suppose M is a von Neumann Algebra. Then
dˆ∗ (M) ≤ inf
{
dˆ (A) : A ⊆M, A a C*-algebra, A′′ =M
}
.
It was shown by U. Haagerup [2] that if a unital C*-algebra has no tracial states, then
d (A) = 3 with κ = 1, which implies dˆ (A) ≤ 3. Hence if M is a type I∞, type II∞ or type
III factor, then d (M) = dˆ (M) = 3. In particular, dˆ (B (ℓ2)) = 3. We see that dˆ∗ does a
little better.
Corollary 5. If M is a hyperfinite von Neumann algebra, then dˆ∗ (M) ≤ 2.
Corollary 6. Suppose A is a unital C*-algebra. Then
dˆ (A) = dˆ∗
(
A##
)
.
If τ is a tracial state on a unital C*-algebra A, we let L2 (A, τ) denote the Hilbert space
induced by the inner product 〈a, b〉 = τ (b∗a) and let πτ : A → B (L
2 (A, τ)) be the GNS
representation on A defined by
πτ (a) (b) = ab
whenever a, b ∈ A. We define
Mτ (A) = πτ (A)
′′
be the von Neumann algebra generated by πτ (A). It is known (e.g., see [5]) that τ is an
extreme point of the set of tracial states on A if and only if Mτ (A) is a finite factor von
Neumann algebra, and, in this case we call τ a factor tracial state.
Definition 7. We define the modified tracial similarity degree of a unital C*-algebra A
as
dˆtr (A) = sup
{
dˆ∗ (Mτ (A)) : τ is a factor tracial state of A
}
.
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Our main result explicitly shows how finding dˆ for separable C*-algebras reduces to
finding dˆ∗ for II1 factor von Neumann algebras.
Theorem 8. Suppose A is a separable unital C*-algebra. Then,
d (A) ≤ dˆ (A) ≤ 2 + 3max
(
3, dˆtr (A)
)
.
In particular, for every unital bounded homomorphism ρ : A →B (ℓ2)
‖ρ‖cb ≤ max
(
3, dˆtr (A)
)
‖ρ‖2+3max(3,dˆtr(A)) .
Proof. Suppose ρ : A → B (H) is a unital faithful ∗-homomorphism where H is a
separable infinite-dimensional Hilbert space. By replacing ρ with ρ(∞) = ρ⊕ ρ⊕ · · · , we can
assume that ρ is unitarily equivalent to ρ ⊕ ρ ⊕ · · · . We can extend ρ to a normal unital
homomorphism ρˆ : A## → B (H) such that ρˆ|A = ρ and such that ρˆ is unitarily equivalent
to ρˆ(∞) . Since ker ρˆ is a weak*-closed ideal in the von Neumann algebra A##, there is a
central projection Q ∈ A## such that ker ρˆ = (1 − Q)A##. Let M = QA##. Since ρˆ is
normal, we see that ρˆ (M) is weak*-closed (Krein-Shmulyan) and σ = ρˆ|M :M→ ρˆ (M) is
a weak*-weak* homeomorphism. Thus the predual of M is separable, so there is a normal
faithful ∗-homomorphism π :M→ B (H), and we can assume that π is unitarily equivalent
to π(∞). Hence we can assume that A ⊆M ⊆ B (H), M = A′′, idM is unitarily equivalent
to id
(∞)
M and that σ : M→ B (H) is a faithful normal homomorphism such that σ|A = ρ
and σ is unitarily equivalent to σ(∞). It follows from the Pisier-Ringrose theorem [10], [17]
that σ is ultra*strong-ultra*strong continuous. Since ρ and π have infinite multiplicity, we
know that σ is SOT-SOT continuous on Msa.
It follows from direct integral theory that, up to unitary equivalence, there is a separable
infinite-dimensional Hilbert space K and a probability measure space (Ω, µ) such that H =
L2 (µ,K) and the center Z (M) of M is
{ϕ ∈ L∞ (µ,B (H)) : ϕ (ω) ∈ C1 a.e.} .
Hence M ⊆ Z (M)′ = L∞ (µ,B (H)) and if {ϕ1, ϕ2, . . .} is a selfadjoint norm-dense subset
of the closed unit ball of Asa, and hence a strong-operator-dense subset of the closed unit
ball of Msa, and, for each ω ∈ Ω, we let Mω = {ϕ1 (ω) , ϕ2 (ω) , . . .}
′′, we have
M =
∫ ⊕
Ω
Mωdµ (ω) ,
and M is {ϕ ∈ L∞ (µ,B (H)) : ϕ (ω) ∈Mω a.e}. Moreover, we can further assume that
{ϕ1 (ω) , ϕ2 (ω) , . . .} is strong-operator-dense in the closed unit ball of M
sa
ω a.e., and that
there is a measurable family {πω : ω ∈ Ω} of unital ∗-homomorphisms from A to B (K) such
that,
idA =
∫ ⊕
Ω
πωdµ
and
πω (A)
′′ =Mω a.e. .
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Now we want to look at the restriction of σ to Z (M), which is a bounded unital normal
injective homomorphism with ‖ρ‖ = ‖σ‖. Since d (Z (M)) = 2, there is an invertible
operator S ∈ B (H) such that ‖S‖ ‖S−1‖ ≤ ‖ρ‖2 and such that σ1 (·) = Sσ (·)S
−1 is an
injective normal ∗-homomorphism on Z (M). Hence
‖σ1‖ ≤ ‖ρ‖
2 ‖σ‖ = ‖ρ‖3 .
Moreover, σ (·) = Sσ1 (·)S
−1, so
‖ρ‖cb = ‖σ‖cb ≤ ‖ρ‖
2 ‖σ1‖cb .
Since σ1 is unitarily equivalent to σ
(∞)
1 and idM is unitarily equivalent to (idM)
(∞) , we see
that σ1|Z (M) is unitarily equivalent to idZ(M). By putting this unitary with S, we can
assume that σ1 (T ) = T for every T ∈ Z (M). This means that σ1 is an L
∞ (µ) = Z (M)
module homomorphism.
Since M⊆ Z (M)′, we know that
σ1 (M) ⊆ Z (M)
′ = L∞ (µ,B (K)) .
Hence we can find functions ψ1, ψ2, . . . ∈ L
∞ (µ,B (K)) such that
σ1 (ϕn) = ψn
for every n ≥ 1.
It is important to note that the ϕn’s and ψn’s are actually representatives of equivalence
classes since we identify functions that agree almost everywhere. So we must now take some
care with sets of measure 0. First note that if p (t1, . . . , tn) is a ∗-polynomial, then
σ1 (p (ϕ1, . . . , ϕn)) = p (ψ1, . . . , ψn) ,
and
‖p (ψ1, . . . , ψn)‖∞ ≤ ‖σ1‖ ‖p (ϕ1, . . . , ϕn)‖∞ .
We want to get a better estimate. For each k ≥ 1, let Ek be the set of all ω ∈ Ω such that
‖p (ψ1 (ω) , . . . , ψn (ω))‖ > ‖σ1‖ ‖p (ϕ1 (ω) , . . . , ϕn (ω))‖+
1
k
.
Since σ1 is an L
∞ (µ) = Z (M) module homomorphism, we have
σ1 (χEkp (ϕ1, . . . , ϕn)) = χEkp (ψ1, . . . , ψn) ,
and
‖χEkp (ψ1, . . . , ψn)‖∞ ≤ ‖σ1‖ ‖χEkp (ϕ1, . . . , ϕn)‖∞ .
It follows that µ (Ek) = 0. Hence µ (∪n≥1µ (Ek)) = 0. Therefore
‖p (ψ1 (ω) , . . . , ψn (ω))‖ ≤ ‖σ1‖ ‖p (ϕ1 (ω) , . . . , ϕn (ω))‖ a.e.
Now we have the following claim.
Claim 8.1: Let P denote the set of a ∗-polynomials with coefficients in CQ = Q + iQ.
We then have
‖p (ψ1 (ω) , . . . , ψn (ω))‖ ≤ ‖σ1‖ ‖p (ϕ1 (ω) , . . . , ϕn (ω))‖ a.e.
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for every p ∈ P. By removing a set of measure zero from Ω, we can assume that the above
relation hold for every ω ∈ Ω.
Let {1 = γ1, γ2, . . .} be an orthonormal basis for L
2 (µ) and let {e1, e2, . . .} be an or-
thonormal basis for K. Define ui,k ∈ H by
ui,k (ω) = γi (ω) ek, ∀ i, k ∈ N.
It is well known that {ui,k : i, k ∈ N} is an orthonormal basis for H = L
2 (µ,K). We can
define a metric dH on B (H) by
dH (S, T )
2 =
∞∑
i,k=1
‖(S − T )ui,k‖
2
2i+k
, ∀ S, T ∈ B(H)
and a metric dK on B (K) by
dK (S, T )
2 =
∞∑
k=1
‖(S − T ) ek‖
2
2k
, ∀ S, T ∈ B(K).
On bounded subsets of B (H) (respectively, B (K)) the metric dH (respectively, dK) induces
the strong operator topology.
We know that σ : M → B(H) is ultrastrongly-ultrastrongly continuous on Msa. It
follows that σ1 is uniformly continuous on the closed unit ball B ofM
sa, since if {Sn} , {Tn}
are sequences in B, we know dH (Sn, Tn) → 0 if and only if Sn − Tn → 0 ultrastrongly,
implying σ1 (Sn − Tn) = σ1 (Sn)− σ1 (Tn)→ 0 ultrastrongly, which implies dH (Sn, Tn)→ 0.
Therefore, we have the following claim.
Claim 8.2: Suppose s, r ∈ N. Then there is a tr,s ∈ N such that, for every S, T ∈ B, we
have
dH (S, T ) <
1
tr,s
⇒ dH (σ1 (S) , σ1 (T )) <
1
rs
.
Let P1 be the set of p ∈ P such that ‖p (ψ1, ψ2, . . .)‖ ≤ 1 and p (ψ1, ψ2, . . .) = p (ψ1, ψ2, . . .)
∗,
and write
P1 × P1 = {(p1, q1) , (p2, q2) , . . .} .
Let r, s be in N and tr,s be as in Claim 8.2. Now suppose j ∈ N , and let Ej,r,s denote the
set of all ω ∈ Ω such that
dK (pj (ψ1 (ω) , . . . , ψn (ω)) , qj (ψ1 (ω) , . . . , ψn (ω)))
2 <
1
tr,s
,
and
dK (pj (ϕ1 (ω) , . . . , ϕn (ω)) , qj (ϕ1 (ω) , . . . , ϕn (ω)))
2 ≥
1
s
.
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Let F1,r,s = E1,r,s and let Fj+1,r,s = Ej+1,r,s\ ∪1≤i≤j Ei,r,s for j ∈ N. Hence if S =∑∞
j=1 χFj,r,spj (ψ1, . . . , ψn) and T =
∑∞
j=1 χFj,r,sqj (ψ1, . . . , ψn) , we have, for i, k ∈ N, that
‖(S − T )ui,k‖
2
=
∞∑
j=1
∫
Fj,r,s
|γi (ω)|
2 ‖(pj (ψ1 (ω) , . . . , ψn (ω))− qj (ψ1 (ω) , . . . , ψn (ω))) ek‖
2 dµ
and
dH (S, T )
2 =
∞∑
i,k=1
‖(S − T )ui,k‖
2
2i+k
=
∞∑
i,j=1
∫
Fj,r,s
(
∞∑
k=1
|γi (ω)|
2 ‖(pj (ψ1 (ω) , . . . , ψn (ω))− qj (ψ1 (ω) , . . . , ψn (ω))) ek‖
2
2i+k
)
dµ
<
∞∑
i=1
1
tr,s
1
2i
∫
Ω
|γi (ω)|
2 dµ =
1
tr,s
.
Thus, by Claim 8.2, we have dH (σ1 (S) , σ1 (T )) <
1
rs
. However, since γ1(ω) = 1, we see that
‖(σ1 (S)− σ1 (T ))u1,k‖
2 =
∞∑
j=1
∫
Fj,r,s
‖(pj (ϕ1 (ω) , . . . , ϕn (ω))− qj (ψ1 (ω) , . . . , ψn (ω))) ek‖
2 dµ,
which implies that
1
rs
> dH (σ1 (S) , σ1 (T ))
≥
∞∑
k=1
‖(σ1 (S)− σ1 (T ))u1,k‖
2
21+k
≥
1
2
∞∑
j=1
∫
Fj,r,s
∞∑
k=1
‖(pj (ϕ1 (ω) , . . . , ϕn (ω))− qj (ψ1 (ω) , . . . , ψn (ω))) ek‖
2
2k
dµ
=
1
2
∞∑
j=1
∫
Fj,r,s
dK (pj (ϕ1 (ω) , . . . , ϕn (ω)) , qj (ψ1 (ω) , . . . , ψn (ω)))
2 dµ
≥
1
2
∞∑
j=1
∫
Fj,r,s
1
s
dµ =
1
2s
µ
(
∪∞j=1Fj,r,s
)
Hence
2
r
> µ
(
∪∞j=1Fj,r,s
)
= µ
(
∪∞j=1Ej,r,s
)
.
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Let Wr,s = ∪
∞
j=1Ej,r,s. Then Wr,s is precisely the set of all ω ∈ Ω for which there is a
(p, q) ∈ P1 ×P1 such that
dK (p (ψ1 (ω) , . . . , ψn (ω)) , q (ψ1 (ω) , . . . , ψn (ω)))
2 <
1
tr,s
and
dK (pj (ϕ1 (ω) , . . . , ϕn (ω)) , qj (ϕ1 (ω) , . . . , ϕn (ω)))
2 ≥
1
s
.
It follows that
µ (∪∞s=1 ∩
∞
r=1 Wr,s) = 0.
Hence, if we throw away another set of measure 0, we can assume that
∪∞s=1 ∩
∞
r=1 Wr,s = ∅,
which implies that
∩∞s=1 ∪
∞
r=1 (Ω\Wr,s) = Ω.
This means that
Claim 8.3: for every ω ∈ Ω and every s ∈ N there are an r ∈ N and, thus, a tr,s ∈ N (as
in Claim 8.2) such that ω /∈ Wr,s, i.e., for every (p, q) ∈ P1 × P1,
dK (p (ψ1 (ω) , . . . , ψn (ω)) , q (ψ1 (ω) , . . . , ψn (ω)))
2 <
1
tr,s
implies that
dK (p (ψ1 (ω) , . . . , ψn (ω)) , q (ψ1 (ω) , . . . , ψn (ω)))
2 <
1
s
.
It follows from Claim 8.1 that, for each ω ∈ Ω and each p ∈ P,
αω (p (ψ1 (ω) , ψ2 (ω) , . . .)) = p (ϕ1 (ω) , ϕ2 (ω) , . . .)
defines a unital algebra homomorphism αω from
{p (ψ1 (ω) , ψ2 (ω) , . . .) : p ∈ P}
to
{p (ϕ1 (ω) , ϕ2 (ω) , . . .) : p ∈ P}
with ‖αω‖ ≤ ‖σ1‖ ≤ ‖ρ‖
3. The Claim 8.3 shows that, for each ω ∈ Ω, αω is dK-dK uniformly
continuous on P1. Hence αω uniquely extends to a unital algebra homomorphism from
Mω that is ultrastrong-ultrastrong continuous on the unit ball of M
sa
ω . It follows that if
ψ ∈ L∞ (µ,B (K)) is in M and σ1 (ψ) = ϕ ∈ L
∞ (µ,B (K)), then, for every ω ∈ Ω,
ϕ (ω) = αω (ψ (ω)) .
It follows that
‖σ1‖cb ≤ sup
ω∈Ω
‖αω‖cb .
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If the factor Mω has type I , then it it hyperfinite, so dˆ∗ (Mω) ≤ 2. If Mω has type II∞ or
type III, then U. Haagerup’s result [2] implies dˆ∗ (Mω) ≤ 3. If the factor Mω has type II1,
then dˆ∗ (Mω) ≤ dˆtr (A) by Definition 7. Hence,
sup
ω∈Ω
dˆ∗ (Mω) ≤ max
(
3, dˆtr (A)
)
.
Therefore
‖σ1‖cb ≤ sup
ω∈Ω
max
(
3, dˆtr (A)
)
‖αw‖
max(3,dˆtr(A)) ≤ max
(
3, dˆtr (A)
)
‖ρ‖3max(3,dˆtr(A)) ,
and
‖ρ‖cb = ‖σ‖cb ≤ ‖σ1‖cb ‖ρ‖
2 ≤ 3max
(
3, dˆtr (A)
)
‖ρ‖2+3max(3,dˆtr(A)) .
It follows that
d (A) ≤ dˆ (A) ≤ 2 + 3max
(
3, dˆtr (A)
)
.

Erik Christensen [1] proved that ifM is a II1 factor with property Γ, then d (M) = 3 and
κ (M) = 1, which means dˆ (M) ≤ 3. We will not name or try to give an internal description
of the class of C*-algebras in the following Corollary, but we note that it clearly contains
the class of weakly approximately divisible C*-algebras defined in [4].
Corollary 9. Suppose A is a separable unital C*-algebra with that property that πτ (A)
′′
has property Γ for every factor tracial state τ on A. Then
d (A) ≤ dˆ (A) ≤ 11.
Note that the following corollary relates d (C∗ (Fn)) and dˆ∗ (LFn) for each integer n ≥ 2.
Corollary 10. If A is a separable unital C*-algebra with a unique tracial state τ , then
d (Mτ (A)) ≤ dˆ∗ (Mτ (A)) ≤ d (A) ≤ 2 + 3max
(
3, dˆ∗ (Mτ (A))
)
.
We now apply our results to certain crossed products.
Suppose n ≥ 2 is a positive integer and let Gn denote the group generated by the n× n
diagonal unitary matrices and the permutation matrices. We define an action α on C∗r (Fn)
with standard unitary generators u1, . . . , un, so that if g = DVσ with D = diag (λ1, . . . , λn)
and Vσ is the permutation matrix corresponding to σ ∈ Sn, we let α (g) be the automorphism
of C∗r (Fn) that sends uk to λkuσ(k).
Corollary 11. Suppose n ≥ 2 and H is an abelian subgroup of Gn that is not torsion
(i.e., H contains at least one element of infinite order). Then
dˆtr (C
∗
r (Fn)⋊α H) ≤ 3,
and
d (C∗r (Fn)⋊α H) ≤ 11
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Proof. Suppose h ∈ H has infinite order. Then hn! 6= In (the n × n identity ma-
trix, which is the identity element of Gn). However, h
n! must be a diagonal matrix D =
diag (λ1, . . . , λn). Moreover, h
n! has infinite order, so λj0 must be irrational for some
1 ≤ j0 ≤ n. We also know that there is an increasing sequence {mk} in N such that
Dmk → In, i.e., limk→∞ λ
mk
j = 1 for 1 ≤ j ≤ n.
Let W = Whn! be the unitary in C
∗
r (Fn) ⋊α H corresponding to h
n!, so that, for every
A ∈ C∗r (Fn),
WAW ∗ = α
(
hn!
)
(A) .
Since
‖Wmkuj (W
mk)∗ − uj‖ =
∣∣λmkj − 1∣∣ ‖uj‖ → 0
and, since H is abelian WWg =WgW for every g ∈ H . Hence
‖WmkT − TWmk‖ → 0
for every T ∈ C∗r (Fn)⋊α H .
Next suppose τ is a tracial state on C∗r (Fn)⋊α H and m is a positive integer. Since
Wmuj0 = λ
m
j0
uj0W
m,
we conclude that τ (Wm) = 0. It follows thatMτ (C
∗
r (Fn)⋊α H) is a von Neumann algebra
with property Γ, so by [1],
dˆ∗
(
Mτ (C
∗
r (Fn)⋊α H)
′′
)
≤ 3.
Hence
dˆtr (C
∗
r (Fn)⋊α H) ≤ 3,
and
d (C∗r (Fn)⋊α H) ≤ 11.

Remark 12. We conclude by reminding the reader of the equivalent formulations of
Kadison’s similarity problem (see, e.g., [14]) so, for example, showing d (A) < ∞ implies
that if π : A → B (H) is a unital ∗-homomorphism and T ∈ B (H) and T (H) is invariant
for every operator in π (A), then there is an S ∈ π (A)′ such that S (H) = T (H) . Moreover,
there is a K ≥ 1 such that, for every W ∈ B (H),
dist
(
W,π (A)′
)
≤ K sup {‖π (U)W −Wπ (U)‖ : U ∈ A, U unitary} .
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